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ABSTRACT: Actin networks are an integral part of the cytoskeleton of eukaryotic cells and
play an essential role in determining cellular shape and movement. Understanding the
underlying mechanism of actin network assembly is of fundamental importance. We
developed in this work a minimal motility model and performed stochastic simulations to
study mechanical regulation of the growth dynamics of lamellipodia-like branched actin
networks, characterized by various force−velocity relations. In such networks, the treadmilling
process leads to a concentration gradient of G-actin, and thus G-actin transport is essential to
eﬀective actin network assembly. We ﬁrst explore how capping protein modulates force−
velocity relations and then discuss how actin transport due to diﬀusion and facilitated
transport such as advective ﬂow tunes the growth dynamics of the branched actin network.
Our work demonstrates the important role of molecular transport in determining the adaptive
response of the actin network to an external force.

■

INTRODUCTION
Actin is a globular protein ubiquitous in eukaryotic cells. Actin
molecules polymerize into ﬁlaments in vivo, which are further
assembled into networks of distinct structures such as ﬁngerlike bundles in ﬁlopodia and dendritically branched meshes in
lamellipodia. Actin dynamics play important roles in many
cellular processes such as cellular motility and endocytosis.1,2
In eukaryotic cells, growth of polymers such as microtubules
or actin ﬁlaments against a mechanical barrier may generate
mechanical work.3 During their movement, cells experience
resistive forces from their surrounding extracellular matrix and
from other cells that may impede their motion. The crawling
movement of the cells is an integrated physical process in which
membrane protrusion is often the ﬁrst important step.4 An
interesting aspect of the membrane protrusion regulation is the
question of how actin dynamics depends on the external force.
The corresponding force−velocity relations indicate how easily
the actin network can overcome external mechanical obstacles.
Numerous prior studies investigated the force−velocity
relations for various motility systems.5−19,19−28 However, the
forms of the force−velocity relations are distinct for diﬀerent
motility models, and no uniﬁed explanation is commonly
accepted for the multitude of force−velocity relations observed
in vitro and in vivo.
The tethered ﬁlament elastic Brownian ratchet model
developed by Mogilner and Oster predicts that the velocity
decays rapidly with small forces and less rapidly at larger force.6
In addition, it is expected that the force−velocity relation is
sensitive to the mechanism of nucleation of actin ﬁlaments.
Carlsson investigated various mechanisms for growth velocities
of branched actin networks against obstacles: 9 in the
autocatalytic model, new actin ﬁlaments are generated on
existing ﬁlamentous branches, and the model predicts a
© 2013 American Chemical Society

constant velocity regime in the force−velocity relation; whereas
in the nucleation model, new branches are generated
independently of the existing branches, and the velocity
decreases steadily with the external force. The autocatalytic
model is supported by an experimental work by Wiesner et al.11
Stochastic simulations by Schaus and Borisy showed that 2-D
lamellipodial protrusion velocity depends also on the
mechanism of how the mechanical work of protrusion is
shared among individual ﬁlaments:13 ﬂexible ﬁlaments can
share the mechanical work more evenly, which helps the
performance of the lamellipodial protrusion.
Marcy et al. performed direct measurements of the forces
generated during actin-based propulsion using micromanipulation force-probe experiments, from which the force−velocity
relations were measured and ﬁt with an empirical formula:10
they found that force−velocity curves were linear for pulling
forces and decayed more weakly for pushing forces. Schreiber
et al. studied how polymerization kinetics of a branched actin
network coupled to excluded volume eﬀect drives cell
motility.24 In their computational model, adhesion was also
included; this model produces the force−velocity relationship
with a plateau in the regime of modest force, consistent with
the experiment done by Prass et al.22 Keren et al. investigated
the mechanism of shape determination in motile cells and
suggested a general form of the force−velocity relation v = v0[1
− (f/f max)w].15 By varying the parameter w, many observed
force−velocity relations can be approximated. The force−
velocity relation in keratocyte lamellipodial protrusion is
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concave, for example.17 Protrusion velocity is constant at small
loading forces until ultimately the cell is stalled at higher forces.
Prior studies also diﬀered from each other by postulating
diﬀerent force-generation mechanisms. From Brownian dynamics simulations based on the self-diﬀusiophoretic mechanism, where an object generates a steady-state concentration
gradient that drives the motion of the object, Lee and Liu found
that at small loads, the velocity is controlled by the reaction
rate, while at high loads the stall pressure is determined by the
mechanical properties of the branched actin network.16 Gerbal
et al. described an elastic model to study how propulsive forces
on a bacterium of Listeria is generated via the addition of actin
ﬁlaments to its tail.7 Brangbour et al. proposed an entropybased mechanism of force generation.27 In their model,
generation of the force is not controlled by the rate of
polymerization but due to the restriction of ﬁlaments’
orientational ﬂuctuations, and velocity ﬁrst decreases fast with
the force, followed by a slow decay. According to this model,
the force−velocity relation depends on the density of actin
ﬁlaments: at a certain force, velocity increases with the density
of ﬁlaments and eventually saturates.27
In an interesting in vitro experiment studying the growth of
actin networks,23 Parekh et al. measured the velocity of the
growing actin network for a wide range of forces (up to the stall
force of ∼300 nN), and they showed that the force−velocity
relations are history-dependent. To interpret the experimentally
observed phenomena of the force−velocity relations showing
both convex and concave forms as well as the load-history
dependence, Weichsel and Schwarz showed by stochastic
simulations and mathematical modeling that changes in the
network growth velocity induce a transition between two
diﬀerent orientational patterns of actin ﬁlaments: a ± 35°
pattern and a − 70°, 0, and 70° pattern.25 Smith and Liu,
however, suggested that the convex and concave forms of the
force−velocity relations are regulated by the interplay between
the branching and capping processes.28 Tsekouras et al.
calculated the ﬁlament density and the force−velocity relation
for a simple system containing only a small number of parallel
ﬁlaments with mean-ﬁeld method and simulations, and they
found that there exists two regimes in the force−velocity
relation: at low forces, ﬁlaments spread out and only one or a
few ﬁlaments are in contact with the barrier while velocity is
close to its maximum; at high forces, ﬁlaments accumulate at
the barrier.26
Despite extensive studies on the force−velocity relations of
various actin networks, the following fundamental issue of actin
network growth has not been adequately addressed: in a
motility system with limited concentration for molecular
components, how does molecular transport aﬀect the force−
velocity relation? In this work, we study the force−velocity
relation for the lamellipodium-like actin meshwork. Membrane
protrusion due to actin dynamics in cells is controlled by
complicated mechano-chemical processes. How does the
external force aﬀect the underlying reaction-diﬀusion processes
in the cytoplasm? Our objective was to investigate the eﬀect of
molecular transport on the force−velocity relation. After a
study of how the force−velocity relation is modulated by
capping proteins, we then investigate the force−velocity
relation by varying the diﬀusion coeﬃcient to examine the
role of molecular transport. Furthermore, we consider the case
of facilitated transport of G-actin, which mimics the delivery of
G-actin monomers to the membrane leading edge through ﬂuid
ﬂow or via molecular motors. We shed light on the underlying

molecular mechanism of actin dynamics in our computational
model, obtaining insights into the way molecular transport
aﬀects the adaptive response of the growing actin mesh to
various external forces of diﬀerent magnitudes.

■

MODEL AND METHODS
Our model consists of a reaction−diﬀusion system coupled
with the mechanics of actin network and the plasma membrane.
The reaction−diﬀusion system is simulated with the compartment-based stochastic simulation approach introduced in our
previous work.29 The basic feature of the compartment-based
stochastic simulation is that the whole simulation region (3D)
is partitioned into compartments in which reactions occur, and
molecules diﬀuse between neighboring compartments. The
compartments at the base level are coupled to a reservoir in
which the concentrations of molecules are ﬁxed. Various
average concentrations for the reactive region can be obtained
by adjusting the rate of particle exchange between the bulk
region and the base compartments of the reactive region. The
model motility system contains molecules of actin, capping
proteins, and Arp2/3 complex. The model allows detailed,
microscopic description of the underlying mechanism controlling the growth of the actin network.
In our previous work,29,30 which focuses on the regulation of
actin network growth by molecular components such as the
concentration of capping proteins, actin ﬁlaments are modeled
as rigid polymers; this approximation is generally suﬃcient for
the study of mechano-chemical regulation of the actin dynamics
in lamellipodium because the typical length of actin ﬁlaments in
lamellipodia is much smaller than the persistence length of
actin ﬁlaments. In this work, we study the growth of actin
network in which the length of ﬁlaments may be comparable to
the persistence length (l ∼ lp), when actin ﬁlaments are
considered as semiﬂexible polymers.
The actin ﬁlaments are modeled as polymer chains
composed of monomers whose positions are denoted as ri⃗ =
(xi,yi,zi), and the interactions between neighboring monomers
along a chain are modeled with a harmonic potential, similar to
the discrete semiﬂexible harmonic chain model.31 For an actin
ﬁlament with N monomers, there are N − 1 bonds ui⃗ = ri⃗ +1 − ri⃗ ,
i = 0, 1, ..., N − 2. We assume that all torsion angles are equally
likely and independent of each other (freely rotating chain
model). The total stretching and bending energy of the bonds
is
Er,tot =

kf
1
kr ∑ (| ri +⃗ 1 − ri |⃗ − δ)2 +
2
δ

∑ (1 − cos θi)
(1)

where δ = 2.7 nm is the size of a monomer and kr is the spring
constant, which is taken to be kr = 4000kBT/nm2, estimated
from the stiﬀness value of ∼43 pN/nm for a 1 μm ﬁlament.32,33
The ﬂexural rigidity κf is related to the persistence length lp by
the relation κf = lpkBT,34 and the angle θi between two
consecutive bonds is related to the bond vectors by the relation
cos θi = (u⃗i u⃗i+1)/(|u⃗i∥ui⃗ +1|).
Actin monomers cannot occupy the same position because of
the excluded volume, which is modeled with the following
repulsive potential

⎛ r⎞
EV = E0 exp⎜ − ⎟
⎝ r0 ⎠
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where E0 = kBT. For computational eﬃciency, we adopted the
linked-list method35 to calculate the pairwise interactions.
The plasma membrane can generally be considered as a 2-D
elastic sheet, commonly described with the Monge representation.36,34 We write the protrusion position (the x direction) at
the membrane surface point (y,z) as x = x(y,z). Because
lamellipodia are ﬂat with thickness ∼200 nm (along the z
direction here), we approximate the front membrane
conﬁguration as x = x(y,z) ≡ h(y). That is, we ignore the
height variation along the z direction on the membrane surface.
This allows us to write the Helfrich Hamiltonian for the
membrane in a simpliﬁed form:
Em =

kb
2

velocity of the actin network can be derived. A snapshot of the
simulated motility system is shown in Figure 1. The equilibrium

∫ (∇2 h(y))2 dy + 2γ ∫ (∇h(y))2 dy

where kb is the eﬀective bending rigidity and γ is the eﬀective
surface tension coeﬃcient, and in our simulation kb = 100kBT·
nm and γ = 0.5kBT/nm. To reduce the ﬁnite size eﬀect of the
plasma membrane, we apply periodic boundary conditions
(PBCs) for the plasma membrane (along the y direction). This
is realized by connecting the two boundary points with an
elastic spring
Epbc =

1
k pbc(h(y = 0) − h(y = ymax ))2
2

Figure 1. Snapshot of the simulated motility system shows the actin
network (orange) and the plasma membrane (gold). The inset depicts
in greater detail the 3-D branched actin network.

conﬁgurations of the actin network and plasma membrane can
be obtained by minimizing the energy of the ﬁlamentmembrane system. Such method is common in studying the
actin networks.39,40 There are no motor proteins included in
the motility system; motor proteins would generate active
contractility and aﬀect the assembly and mechanics of the actin
network.41−44 The actin network is enclosed by the plasma
membrane (either the explicit part or the implicit part, as
described above) and in contact with the substrate and the bulk
part of model cell (both implicit). The force balance for the
system would be satisﬁed from the energy minimization
procedure. The time scales of the relaxation of actin ﬁlaments
and the plasma membrane need to be considered so we can
make proper approximations to ﬁnd their conﬁgurations during
the actin polymerization process. The equilibration time for
membrane ﬂuctuation is on the order of nanoseconds to
microseconds,45 and membrane relaxation is much faster than
the rate of polymerization with typical G-actin concentration
(∼10 μM).29 The relaxation time of ﬁlaments depends on their
length.33,46 In our simulated motility system, actin ﬁlaments are
typically very stiﬀ, and hence their mechanical relaxation is
much faster compared with the rate of polymerization.

(3)
2

where the spring constant kpbc = 25kBT/nm . We do not
explicitly include in our model the ventral membrane and
dorsal membrane, which are treated implicitly as hard-wall
surfaces, which the ﬁlaments cannot cross.
The actin network is mechanically coupled with the plasma
membrane. Polymerizing actin ﬁlaments deform the membrane
and generate membrane protrusion. This in turn aﬀects the rate
of actin polymerization, which is described by the widely used
Brownian ratchet model:37
⎛ fδ ⎞
k poly = kon[A] exp⎜ − eff ⎟
⎝ kBT ⎠

(4)

where f is the load on polymerizing ﬁlaments and δeff is the
eﬀective distance. [A] represents the local concentration of Gactin and kon = 11.6 μM−1 s−138 is the polymerization rate
constant. When the barbed end of a polymerizing ﬁlament is
closer to the plasma membrane, the load on it becomes larger,
which reduces the rate of polymerization correspondingly. The
interaction between actin ﬁlaments and the plasma membrane
is derived from the steric repulsive potential, modeled with the
exponential form
⎛ l⎞
/fm = E0 exp⎜ − ⎟
⎝ λ⎠

■

RESULTS AND DISCUSSION
Studies of actin network assembly are often performed in vitro
with abundant monomeric G-actin in the system, therefore the
role of G-actin transport in such actin networks is rarely
discussed. In a lamellipodia-like actin network, however,
monomeric G-actin diﬀuses from the rear edge, where ﬁlaments
depolymerize so monomeric G-actin is recycled, to the
membrane leading edge, where G-actin is consumed as a result
of the polymerization. Thus such a motility system may display
G-actin concentration gradient and G-actin transport may be
important.47,48 Our stochastic simulation model takes into
account the heterogeneity of the concentration proﬁle and
allows us to explore the role of G-actin transport in shaping the
force−velocity relation of the actin network. The primary aim
of this study is to explore the eﬀect of molecular transport on
growth dynamics of the actin network. In this section, we
discuss the force−velocity relation for the lamellipodia-like
branched actin network under various scenarios.
Force−Velocity Relation of the Branched Actin Network. We investigate the force−velocity relation for a minimal
motility system that contains actin, capping protein, and Arp2/

(5)

where l is the distance between the barbed end of a ﬁlament
and the plasma membrane, and λ = 0.1δ is the characteristic
distance.29
The external ﬁeld term representing the external resistive
force acting on the leading-edge membrane is
/field = β

∫ h(y) dy

(6)

where β is the strength of the external ﬁeld and is varied to get
diﬀerent forces as we study the force−velocity relation of the
actin network.
During simulations, the positions of the plasma membrane at
successive Gillespie steps are recorded, from which the growth
13390
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Interestingly, the force−velocity relation decays slower for
the motility system with capping proteins because in this case
the density of the actin network is lower, hence, the growth of
the actin network is limited less by the bottleneck of molecular
transport. It should be pointed out that capping proteins may
enhance the actin-based motility.29,30 This phenomenon―higher velocity for the motility system with capping
proteins―can be seen in the large-force regime (Figure 2),
which corresponds to the regime of high ﬁlament density. (See
Figure 3.) Capping proteins reduce the ﬁlament density, lessen
the bottleneck of molecular transport, and thus could facilitate
the actin network growth dynamics.

3 complex. Diﬀerent values of the external force are obtained by
varying the strength of external ﬁeld term β in eq 6. We also
vary concentrations of molecular components so that we may
compare results in diﬀerent motility conditions. Capping
proteins are known to be capable of regulating the density of
the leading-edge ﬁlaments. Thus, by varying the concentration
of capping proteins, we can study the force−velocity relation
and see how it depends on the density of the actin system. Of
course, this is not the only way to obtain an actin network of
diﬀerent ﬁlament densities. Arp2/3 complex, for example,
directly mediates branch formation and plays a critical role in
determining actin network density, and its concentration can be
adjusted as well.
We plot in Figure 2 the force−velocity relation (v−f), which
shows that the velocity (v) of the actin network growth

Figure 3. External force leads to increased density of the leading-edge
ﬁlaments; capping proteins decrease the density of the leading-edge
ﬁlaments. Furthermore, the increase in the density of the leading-edge
ﬁlaments due to the external force becomes slower with the addition of
capping proteins.

Figure 2. Mechano-chemical regulation of actin network growth by
the external force and capping proteins: the external force hinders the
motion; this hindrance is modulated by capping proteins, leading to a
variation in the rate of the velocity decay with the external force: with
capping proteins, the velocity decays slower. C in the Figure denotes
the motility system with capping proteins, whereas ΔC denotes the
motility system without capping proteins.

In Figure 3 we show the density of the leading-edge
ﬁlaments, which increases as the external force becomes larger.
Thus, despite the fact that mechanical force is not directly
related to ﬁlament density―unlike capping protein or Arp2/
3 complex―it nevertheless regulates the actin network
morphology indirectly. This is consistent with the tethered
ﬁlament elastic Brownian ratchet model,6 and also qualitatively
agrees with the AFM experiments.23,50,51 Such type of density
pattern change has also been shown in a motility system
containing a small number of parallel ﬁlaments.26
The trend of the density of the leading-edge ﬁlaments is
inversely correlated with the local concentration of monomeric
G-actin for polymerization and the load on polymerizing
ﬁlaments (Figure 4). We note that as the density of the leadingedge ﬁlaments becomes larger there are fewer G-actin
monomers available for polymerization. The load on polymerizing ﬁlaments also increases as a function of the external force,
as expected, albeit there are more ﬁlaments to support the
membrane. We conclude that when the external force is
increased both the chemical aspect (G-actin) and the
mechanical aspect (the load on polymerizing ﬁlaments) of
the motility system become the bottleneck for rapid polymerization. Furthermore, for the motility system without capping
proteins, its density of leading-edge ﬁlaments grows faster,
leading to the faster decay of local G-actin monomers as a
function of the external force and, correspondingly, also a

decreases as a function of the external force (f). From the slope
of the force−velocity relation, we can see that the decrease in
velocity is faster in the regime of modest forces than in the
regime of high forces. This result is consistent with the tethered
ﬁlament elastic Brownian ratchet model6 and also consistent
with the experimental result on the Listeria system.49 The
force−velocity relation exhibiting such form is also a feature of
the entropy-based mechanism of force generation.27 The
autocatalytic model,9 however, predicts a force−velocity
relation with a distinct plateau region and ﬁnds its support
from computer simulations or experimental work such as refs
22 and 24. We point out that the autocatalytic model assumes
an unlimited pool of G-actin in the motility system and hence
may be rather unrealistic for systems where this condition is not
satisﬁed. Although our model and the autocatalytic model share
the similarity in the aspect that ﬁlament nucleation depends on
the existing ﬁlaments in the nucleation zone, in our motility
system, molecular components, such as monomeric G-actin and
Arp2/3 complex, are limited. In such a case, a plateau regime in
the force−velocity relation may not be observed.
13391
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Figure 4. With the external force, the density of the leading-edge
ﬁlaments increases (see Figure 3), and this leads to less monomeric Gactin available for polymerization. Because capping proteins slow down
the density increase due to the external force, the decrease in
monomeric G-actin available for polymerization slows down with
higher external forces. The work actin ﬁlaments have to do to
polymerize increases with the external force.

Figure 6. Trends of the various factors (Actin, Arp2/3, and the
number of branching sites) involved in the nucleation process indicate
that the enhanced nucleation by the external force is correlated with
more branching sites located in the nucleation zone: among the three
quantities, only the number of branching sites increases as a function
of the external force. A “mean-ﬁeld’’ estimation of the nucleation rate
from the product of the three quantities is also provided to illustrate
the enhanced nucleation of actin ﬁlaments by the external force.

steeper force−velocity relation. Thus, our model highlights the
role of molecular transport in regulating the force−velocity
relation of the branched actin network.
External Force Enhances Arp2/3 Complex-Mediated
Nucleation of Actin Filaments. The density of the leadingedge ﬁlaments is correlated with the rate of nucleation of
ﬁlaments and the protrusion speed.29 From Figure 5, we can

already know that the external force inhibits the polymerization
of actin ﬁlaments and slows down actin network growth
(Figure 2); as a result, barbed ends of actin ﬁlaments tend to
stay in the nucleation zone, leading to increased density of the
leading-edge ﬁlaments. Thus, more F-actin monomers are
located in the nucleation zone that could serve as potential
branching sites.
The enhancement of Arp2/3-mediated nucleation of actin
ﬁlaments due to the external force indicates an adaptive
response mechanism of the motility system: increasing the
external force on plasma membrane leads to a higher load on
the ﬁlaments that support the plasma membrane, and to
counteract the increasing load, more ﬁlaments may be
nucleated to share the load, alleviating the burden due to
higher external forces. This also clearly shows the coupling
between the mechanical and chemical aspects of the motility
system.
Actin Network Growth Dynamics Is Limited by Slow
Diﬀusion. Intracellular transport is important to many cellular
processes.52 Actin ﬁlaments in lamellipodia undergo a
treadmilling process, and the turnover of actin network requires
eﬀective transport of monomeric G-actin from the rear of
lamellipodia, where disassembly of ﬁlaments occurs, to the front
of lamellipodia, where ﬁlaments polymerize to push the plasma
membrane. The concentration of cytoplasmic G-actin is critical
to actin network assembly and lamellipodial protrusion.53,54 In
this section, we investigate the eﬀect of passive diﬀusion, while
the eﬀect of advection/active transport of molecules will be
examined in the next section.
In the preceding section, we have shown that the
concentration of monomeric G-actin at the leading edge is
essential to the growth dynamics of the actin network because
the rate of polymerization of individual ﬁlaments is proportional to the local concentration of G-actin. The cytoplasm of
cells is crowded.52,55−57 The cytoskeleton structure has a strong
inﬂuence on the diﬀusion of macromolecules,58 and the

Figure 5. Rate of nucleation of actin ﬁlaments is enhanced by the
external force.

see that the external force enhances the rate of nucleation, the
favorable factor that contributes to the density of leading-edge
ﬁlaments increasing as a function of the external force. Arp2/3
complex-mediated nucleation requires both Arp2/3 complex
and actin molecules as well as preexisting ﬁlaments that can
provide potential branching sites. We examined each of these
factors and found that the underlying mechanism behind the
force-enhanced nucleation of ﬁlaments is that there are more Factin monomers located in the nucleation zone (Figure 6). We
13392
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transport of monomeric G-actin to the protruding membrane
leading edge through diﬀusion only may not be adequate to
explain protrusion behavior and that hydrodynamic ﬂow
supplying monomeric actin from the region of rapid
depolymerization to the site of rapid polymerization may be
needed.63 Naoz et al. developed a model of active localization
of proteins, and they showed that protein localization by actin
treadmilling and molecular motors can exert a strong eﬀect on
stereocilia shape and treadmilling rate.64 In the nerve growth
cone, membrane leading-edge-directed ﬂuid ﬂow was found to
increase the concentration of G-actin at the leading edge to
various extents and may signiﬁcantly accelerate the actin
treadmilling process.65 Actin turnover is required to maintain
an enhanced concentration of monomeric actin in the
peripheral of neuronal growth cone.66 In addition to the
convective ﬂow, active transport due to myosin motor proteins
contributes to the delivery of G-actin to the membrane leading
edge and optimal cell migration.67 In neuronal cells, membrane
proteins of migrating cells exhibit net forward translocation in
the form of biased drift―in addition to the Brownian
motion―driven by myosin-II-dependent active transport.68
Zhuravlev et al. developed a model for active transport of Gactin by molecular motors in cellular protrusions such as
ﬁlopodia and investigated how active transport regulates the
length of these cellular protrusions.69 Hydrodynamic ﬂow and
active transport could be coupled because the cytoplasmic ﬂow
can result from the motion of actively transported cargo itself.70
If the availability of monomeric G-actin is a limiting factor
that aﬀects the growth velocity of the actin mesh network, then
it is possible to design a motility system using actin transport to
control the force−velocity relation. To see how facilitated
transport of monomeric G-actin aﬀects the force−velocity
relation, we assume in our simulation a biased diﬀusion of
monomeric G-actin toward the membrane leading edge, that is,
Df > Db, where Df is the coeﬃcient of forward diﬀusion (from
the rear edge to the leading edge) and Db is the coeﬃcient of
backward diﬀusion. Such a biased diﬀusion could be caused by
the motor proteins actively carrying monomeric G-actin to the
leading-edge membrane or through advective hydrodynamic
ﬂow. The idea of utilizing the biased diﬀusion method is not to
model the motor proteins or the advection explicitly but is
simply to mimic the eﬀect of the facilitated transport of
molecules to the membrane leading edge. Note that advective
transport of other molecules such as Arp2/3 complex is also
possible, but here for simplicity we focus on facilitated transport
of G-actin only.
In Figure 8 we show the G-actin concentration proﬁles for
the various cases studied. G-actin concentration decreases
toward the membrane leading edge. Compared with the case of
slow diﬀusion, G-actin concentration is enhanced for the cases
of fast diﬀusion and facilitated transport; such enhancement
favors fast polymerization. Transport of molecules due to the
drift of ﬂuid is small compared with the diﬀusion.71 Thus, we
consider small biased diﬀusion―the case where no inverse
concentration gradient may occur―and study how biased
diﬀusion aﬀects actin network growth. In Figure 9, we show
velocity for a few values of the extent of the diﬀusion bias,
deﬁned as (Df − Db)/Db. Our simulation results show that the
facilitated transport of G-actin to the membrane leading edge
can signiﬁcantly increase the growth velocity of the actin
network―for a 3% diﬀerence in diﬀusion bias the velocity
could be ∼30% higher―but the overall shape of the force−
velocity relation may not be noticeably diﬀerent (Figure 7).

diﬀusion coeﬃcient varies depending on the viscosity of the
cytoplasm.59−61 It is of interest to study how actin network
growth dynamics is aﬀected by the transport of molecules.
Stuhrmann et al. found that actin network length and growth
speed scales with the diﬀusion coeﬃcient of G-actin with
exponents 0.715 and 0.356, respectively.62
We investigate how actin network growth is limited by the
diﬀusion process by varying the diﬀusion coeﬃcient. Our
simulation results show that when the diﬀusion coeﬃcient is
changed from 20 to 10 μm2/s (labeled as “fast diﬀusion’’ and
“slow diﬀusion’’, respectively) the growth of actin network
becomes slower, and this eﬀect is more pronounced in the
regime of larger forces (Figure 7). The rate of nucleation of

Figure 7. Comparison of the actin network growth dynamics for the
cases of slow diﬀusion (cyan), facilitated transport (magenta), and the
control (blue). With the reduced diﬀusion coeﬃcient, delivery of
molecules becomes a bottleneck for eﬃcient actin network growth,
and thus the velocity decreases faster as a function of the external
force. Larger absolute values of the velocity result from facilitated
transport. (See the inset.)

ﬁlaments also becomes smaller: the nucleation of actin
ﬁlaments requires monomeric G-actin; when monomeric Gactin is scarce in the nucleation zone―which is close to the
plasma membrane―due to the diﬀusion bottleneck, there is
a drop in the rate of nucleation compared with the fast diﬀusion
case (data not shown).
In summary, when the diﬀusion coeﬃcient becomes smaller,
molecular transport becomes a bottleneck for actin network
growth because the diﬀusion ﬂux is proportional to the
diﬀusion coeﬃcient: j ∝ D. The eﬀect of slow diﬀusion on actin
network growth is more distinct in the regime of large forces,
where due to the high density of the leading-edge ﬁlaments that
polymerize the supply of G-actin is more limited than that of
the regime of small forces.
How Does the Facilitated Transport of G-Actin Aﬀect
the Force−Velocity Relation? Diﬀusion is an ubiquitous way
for molecular transport on the microscopic scale. In addition to
the passive diﬀusion―which is due to the thermal
agitation―the transport of molecules in cells may also be
realized through active process resulting from motor protein
activity or advective ﬂow due to intracellular ﬂuid ﬂow. Many
studies have emphasized the importance of facilitated transport
on actin dynamics. Zicha et al. found that in the cytoplasm the
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Figure 8. Concentration proﬁles in the case of fast diﬀusion (blue),
slow diﬀusion (cyan), and facilitated transport (magenta).

Figure 10. Average length of actin ﬁlaments decreases as a function of
the external force.

leading-edge ﬁlaments and the average length of ﬁlaments
indicate that when the load on actin network becomes larger
the organization of the actin network changes accordingly to
counteract the eﬀect of the increasing load.

■

CONCLUSIONS AND FUTURE WORK
Membrane protrusions due to actin polymerization are
controlled by the complicated mechano-chemical processes in
which the biochemical factors, such as G-actin and regulatory
proteins, and biophysical factors, such as mechanical force, are
coupled. Using stochastic simulations, we have investigated
how the external resistive force acting on the membrane aﬀects
the growth dynamics and organization of the lamellipodia-like
dendritically branched actin networks. We have shown that the
external force aﬀects the growth velocity of the actin network.
The extent of velocity decrease, though, is aﬀected by a number
of factors, including the density of leading-edge ﬁlaments. Our
results demonstrate that in this type of motility system where
there exists a treadmilling process, growth dynamics of the actin
network may be limited by molecular transport. Facilitated
transport such as active transport and advective ﬂuid ﬂow helps
deliver G-actin to membrane leading edge and can enhance the
growth of the actin network. Our simulation results also
demonstrate how the external force enhances the nucleation
activity.
The model presented here has its limitations in fully
interpreting in vivo experiments. Our computational model
system contains no myosin motors, and we also assume strong
adhesion of the actin network to the substrate and no slippage
of the network. Thus, there is no retrograde ﬂow in our model.
It should be noted that when the external force is large enough
adhesion bonds may be easily broken. Thus the strong
adhesion assumption in our model is applicable to a range of
modest force. The formation of focal adhesions induces slow
actin ﬂow.73 In future modeling, we will introduce some simple
model of the substrate to study the retrograde ﬂow eﬀect. For
example, constant retrograde ﬂow to mimic the relative motion
between the actin network and the substrate may be
incorporated into the computational model.69,72,74,75 To
explicitly model the interaction between the substrate and the
actin network, we may use the lattice-spring model.76

Figure 9. Facilitated transport enhances the actin network growth.
The horizontal axis indicates the relative diﬀerence between the
diﬀusion coeﬃcients for forward diﬀusion and backward diﬀusion.

The rate of nucleation is also enhanced due to the abundance
of monomeric G-actin at the leading edge resulting from the
facilitated transport.
Prior computational studies have shown that active transport
plays an important role in the growth of ﬁlopodia-like
protrusion.69,72 It should be pointed out that in addition to
the dimensionality diﬀerence between the ﬁlopodial (1D) and
lamellipodial (3D) actin networks, actin transport is much
more complicated in modeling lamellipodia-like branched actin
networks because the density of ﬁlaments is not constant. This
nonconstant density of ﬁlaments complicates understanding of
the transport of G-actin to the leading edge.
Reorganization of the Actin Network. We have shown
that the density of leading-edge ﬁlaments increases as a
function of the external force. It turns out that external force
also aﬀects the length of actin ﬁlaments.
We ﬁnd that there is a correlation between the average length
of actin ﬁlaments and the external force acting on the mesh
network: the average length of actin ﬁlaments decreases as the
external force increases (Figure 10). Shorter ﬁlaments are stiﬀer
and less prone to buckling. Thus, both the density of the
13394
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